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Abstract 

We consider decentralized detection for wireless sensor networks. A sequential scheme based on level- 



p ^ triggered sampling is proposed. In the proposed scheme, sensors compute log-likelihood ratio (LLR) of 

■ their local observations, sample local LLR using level-triggered sampling and transmit a single bit at 

each sampling time to a fusion center (FC). At each sampling time excess LLR over (below) sampling 
threshold is linearly encoded in time. The FC, upon receiving a bit from a sensor, decodes excess LLR 
and updates approximate global LLR, which it uses as test statistic. An SPRT-like test is used by the FC 
to reach a final decision. We show that the proposed scheme achieves order-2 asymptotic optimality by 

r-- 

using only a single bit for each sample, thanks to time-encoding the overshoot. 

m ' 



I. Introduction 



We consider the problem of binary decentralized detection where a number of distributed sensors, 
under bandwidth constraints, communicate with a fusion center (FC) which is responsible for making the 
final decision. Most works on decentralized detection, e.g., (Tl, 121> treat the fixed-sample-size approach 
where each sensor collects a fixed number of samples and the FC makes its final decision at a fixed time. 
There is also a significant volume of literature that considers the sequential detection approach, e.g., ||3]- 
Q. Data fusion (multi-bit messaging) is known to be much more powerful than decision fusion (one-bit 
messaging) |6), albeit it consumes higher bandwith. Moreover, the recently proposed sequential detection 
schemes based on level-triggered sampling in [5 ] and [7 ] are as powerful as data-fusion techniques, and 
at the same time they are as simple and bandwidth-efficient as decision-fusion techniques. 
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Sequential probability ratio test (SPRT) is the optimum sequential detector in terms of minimizing the 
average detection delay for independent and identically distributed (i.i.d.) observations [?]. Moreover, it 
significantly outperforms its fixed-sample-size counterparts in minimizing the average detection delay. For 
instance, it has been shown in [9, Page 109] that for Gaussian signals the average detection delay (sample 
number) of SPRT is asymptotically one-fourth of that of the best fixed-sample-size detector satisfying 
the same error probability constraints. We will next formulate the problem of interest and explain SPRT 
as the optimal centralized sequential detector. 

II. Problem Formulation and SPRT 

Consider a wireless sensor network with K sensors and a fusion center (FC) which is responsible for 
making the final decision. Each sensor observes a discrete-time signal , t 6 N, k = 1, . . . , K, which is 
completely available to the FC in the centralized detection problem. In such a centralized system, the FC, 
using the local observations {yt}t,k El computes a test statistic and performs a sequential test to select 
between two hypotheses: the signal of interest is present (Hi) or not (Ho). Specifically, in a sequential 
test the decision maker, i.e., FC, at each time t either makes its final decision (Ho or Hi) or continues 
to receive observations, unlike in a fixed-sample-size test where the FC waits until a certain time and 
decides between Ho and Hi at that specific time. 

The binary hypothesis testing problem that we consider at time t can be formulated as follows |^, 

{Vr}r,k ~ < (1) 

{ h, Hi 

where ~ denotes "distributed according to" and /j, i = 0, 1 is the joint probability density function (pdf) 
of the observed signals under H«. SPRT at time t tests Hi against Ho by computing the log-likelihood 
ratio (LLR) as 

Lt = log , 77 k , r, (2) 

and then comparing it to some thresholds A and —B. Specifically, the FC at each time t makes the 
following decision 

[ H if L t < -B, 

Hi if L t > A, (3) 

continue if L t G (—B,A). 



x A 
Ot = 



The subscripts t and k denote t G N and k — 1 , . . . , K, respectively. 
2 The subscript r denotes r = 1, . . . , t. 
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In other words, the FC either waits until time t + 1 to see the new observations {y^ +1 }fc if — B < L t < A, 
or terminates the scheme otherwise. If the scheme is terminated at time t, then the FC decides on either 
Ho if L t < —B, or Hi if L t > A. The thresholds (A,B > 0) are selected so that the error probability 
constraints Po(^r = Hi) < a and Pi(dj- = Ho) < /3 are satisfied with equalities where a, (3 are target 
error probability bounds, and 

T = mm{t € N : L t (-B, A)} (4) 

is the detection delay (decision delay). The remarkable property of SPRT is that it simultaneously 
minimizes Eo[T] and Ei[7~] while satisfying the error probability constraints 0. 

Assuming independence among the observations of different sensors we can write the LLR in © as 

where /. , % = 0, 1 denotes the joint pdf of the signal observed by sensor k under Hj. Further assume 
that the observations at the same sensor are i.i.d.. Then, the local LLR L\ is given by 

L k t =Y,t ^ = l°g IK!' (6) 

^ foiVr) 

where I* is the LLR of the single observation y*. 

III. Decentralized Detection via Level-triggered Sampling 

In the centralized detection problem, considered in the previous section, it is assumed that each sensor 
k sends its local LLR h\, given in (f5]), to the FC at each time t with infinite number of bits. In fact, 
it suffices to send q% given in ([6]), at each time t. On the other hand, in a decentralized system this 
is not possible due to some stringent power and bandwith constraints on sensors. In particular, each 
sensor k needs to sample its local LLR signal h\ and quantize the sampled values to comply with the 
power and bandwith constraints, respectively. Furthermore, the number of quantization bits per sample 
should be considerably low, e.g., 1 bit. A trivial solution to this decentralized problem is to use first 
the conventional uniform-in-time sampling, and then a simple quantizer (e.g., mid-tread, mid-riser). It 
has been recently shown in 0, Q that a smarter choice is to use the level-triggered sampling, which 
is a simple and popular member of the family of event-triggered sampling techniques. Level-triggered 

3 Pi, i — 0, 1 denotes the probability measure under Hi. Note that at the stopping time T the decision St is either Ho or Hi, 
i.e., the thresholds A, B are selected so that Po(5t = Ho) = 1 — a and Pi(<$t — Hi) = 1 — /3. 
4 Ej, i = 0, 1 denotes the expectation under H^. 
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Fig. 1. The level-triggered sampling mechanism with sampling levels A, —A is shown on a sample path of the local LLR 
signal Lt 

sampling, producing 1-bit information per sample, eliminates the need for a quantization step, which is 
clearly a big advantage for power and bandwith-limited systems. Then, at the FC side the decentralized 
detection schemes based on level-triggered sampling, given in (H, Q, imitating the optimal sequential 
detector approximate the LLR L t and apply an SPRT-like test [cf. ([3]), ©I using this approximation as 
the test statistic. 

A. Level-triggered Sampling 



In level-triggered sampling, the local LLR signal L\ is sampled at a sequence of random times {t k } 




as shown in Fig. [TJ On the contrary, in the conventional uniform sampling, sampling times are deterministic 
and uniform in time, e.g., {mT : m € N + } with a sampling interval T. The sampling intervals in level- 
triggered sampling, {r k : r k = — t^_i} n , *o = 0> are a ^ so random. The sampling times {t^} n are 
dynamically determined by the signal to be sampled L\. In other words, {t k } n depend on the realizations 
of the random signal L k , hence they are random. Specifically, as shown in Fig. [T]fhe nth sample is taken 
at time t k when the change in the signal since the last sampling time t k L _ 1 exceeds either A or —A, i.e., 

i* = min{t € N : \L k - h\ J > A}, L k = 0, (7) 

where A > is a predetermined level. 

Note the similarity between the formulations of the decision time in (@]), which is the stopping time 
of SPRT, and the sampling time in (0. In fact, the level-triggered sampling procedure is a succession 
of identical SPRTs whose stopping times are given in |7]). The thresholds of this local SPRT are A, —A 
and it is repeated after each sampling time t k t until the FC terminates the scheme. For instance, the nth 

5 The subscript n denotes n G N + 
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Fig. 2. The level-triggered sampling mechanism with sampling levels A, —A is shown for the case where sensors observe 
continuous-time signals with continuous paths, discussed in |5|. 

local SPRT stalls at time t k l _ 1 + 1, stops at the nth sampling time t\ and the nth sampling interval r k 
represents the number of observations used in the nth local SPRT. Denote the stopping LLR value of 
the nth local SPRT with X k , i.e., X k = L k k - L k k ^ = Y!t= t » +i l t ( cf - Fi §- ID- Then, the decision of 
the nth local SPRT can be written as 

6*4sign(A*), (8) 

where from © we have either \ k n > A or Aj < —A. These local SPRTs also induce local error 
probabilities, however there is no constraint on such local error probabilities since local SPRTs, i.e., 
level-triggered sampling, are used only as a mean of transmitting information from sensors to the FC. 
Therefore, we are in a sense free to set the local threshold A. The choice of A obviously affects the 
sampling intervals {r k } n ^, hence it can be set to ensure a specific value for the average sampling 
interval Ej[r*]. It has been shown in (7J Section IV- A] that the equation Atanh(^) = r £fc=iJiIS] can 
be used to determine A for the average sampling interval value T. This important duality result between 
level-triggered sampling and SPRT will let us use the properties of SPRT to analyze the level-triggered 
sampling procedure. 

The sample summary (local decision) b\, given in ©, is a 1-bit encoding of the change X\ in the 
LLR signal L k during the time interval P ut another way, represents the threshold (A or 

—A) exceeded by A„. However, it does not represent how much exceeded the threshold. Define 
Qn — \^n\ — A as the excess amount of LLR over A or under —A, namely overshoot [cf. Fig. [Q. Then, 
A^ is given by 

X k = b k (A + q k ). (9) 

B. Decentralized Detection Scheme 

In our decentralized detection scheme, each sensor k transmits 6„ to the FC at time G [t k , t k + l). 
Assume for now that the FC, knowing t\ and s\, somehow computes q k . We will describe how it 
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computes in the following subsection. Then, upon receiving b\ at time s k it recovers by using (©, 
and computes L k k as follows 

n n 

4 = T, L k~ L L, = E A - (10) 

m=l m=l 

In other words, the local LLR L k k is available to the FC at time s k with a delay of = a* — t* e 

[0,l),Vfc,n. 

In this case where the FC can compute the overshoot q k and accordingly the LLR sample L k k , there 
is loss, other than the small bounded delay £*, only in the time resolution (but not in the magnitude 
resolution) while recovering the local LLR signal L k . Similarly, in the case where sensors observe and 
process continuous-time signals with continuous paths, e.g., Wiener process, the only loss is in the time 
resolution (5J. The LLR L\ of such a continuous-time signal y k is also a continuous-time signal, e.g., 
the one given in Fig. [2] In this continuous-time case, as can be seen in Fig. |2l L k hits the sampling 
levels exactly, hence no overshoot occurs, i.e., q k = 0, Vn, k. On the other hand, in a discrete-time case 
where the overshoots {qn}n,k are not available to the FC, there is loss also in the magnitude resolution. 
To overcome this overshoot problem ||5] and followed different approaches. In [5 ], the LLR of b k is 
computed via simulations, which in fact includes an average value for q k . At each sampling time t k n this 
average value is used to replace the unknown overshoot q k in (|9]). However, this approach brought about 
an asymptotic optimality of order- 1, but not order-2 which is a stronger type of asymptotic optimality [], 
achieved in the continuous-time case. In Q, at each time some additional bits are used to quantize 
the overshoot q k . Following this approach it has been shown that order-2 asymptotic optimality can be 
attained by increasing the number of quantization bits at a rate of log | log7| where 7 — > at least as 
fast as the error probabilities a and f3, i.e., 7 = 0(a), 7 = O{0). 

Returning back to our decentralized detection scheme based on level-triggered sampling, the FC, using 
(fTOl) . approximates the local and global LLR signals h\ and L t with the stepwise functions L\ and L t , 
respectively as follows 

K ^ (11) 

and L t = ^L k . 

k=l 

In fact, the FC employs the following procedure. Upon receiving the nth bit b n from any sensor at time 
s n (with a short delay £ n after b n is actually sampled at time t n ) it computes A n as in (© (assuming the 

6 The definitions of asymptotic optimality types are given in Section HV-AI 
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overshoot q n is computable by knowing t n , s n ) and updates the approximate global LLR L t as 

L Sn = L Snl + X n . (12) 

The approximate LLR signal L t is kept constant until the arrival of the next bit b n+ \ from any sensor 
unless the scheme terminates at time s n . Following SPRT, given in ([3]), (01), an SPRT-like procedure is 
applied at the FC to terminate the scheme. Specifically, the scheme is terminated at the stopping time T 
given by 

t = mm{ten:L t g(-B,A)}, (13) 

where the thresholds (A, B > 0) are selected to satisfy the error probability constraints Po(5-f = Hi) < a 
and Pi(5f = Ho) < /3 with equality. The decision function 5j- is written as 

H if La- < -B, 

~ (14) 
Hi if L f > A. 

A "stop" signal is sent to all sensors immediately after the global decision 8/t- is made at the FC. 

Note from (fill that although the approximate local LLR L\ attains the value of the exact local LLR 
L\ k at time shortly after the sampling time i.e., L k sk = L k k , this is in general not true for the 
approximate global LLR L t , i.e., L s h ^ L t k, since U sk ^ L J tk , j ^ k, for the other k — 1 sensors. Next, 
we explain how the FC computes the overshoot q k by knowing and s^. 



C. Time-encoding the Overshoot 

Overshoot q„, limiting the performance of the decentralized detection schemes based on level-triggered 
sampling, poses an important problem. As shown in Fig. [TJ it is a random variable occurring at each 
sampling time and cannot be made available to the FC by sending the sign bit b^, given in ([8]), at 
time t*. In other words, q k represents the missing LLR information at the FC, which is not encoded 
in to recover the local LLR information \^ accumulated during the interval t*]. We have to 

tackle this overshoot problem for good asymptotic performance since ignoring it causes such missing 
LLR information, i.e., overshoot error, to unboundedly accumulate in recovering the local LLR signal 
L\, which in turn results in poor asymptotic performance. Using an average value in lieu of the random 
overshoot q k in each sample helps partially, enabling us to achieve an order- 1 asymptotically optimal 
average detection delay performance [5 ]. Quantizing the overshoot by using extra bits (in addition to the 
sign bit) ensures order-2 asymptotic optimality, but requires infinite number of bits asymptotically Q. 
Thus, it is not a perfect solution either. 
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Fig. 3. The linear decoding function g 1 with slope r > 9 maps the transmission delay to the overshoot = r£*. 

In this paper, we propose to linearly encode the overshoot in time, i.e., not in extra bits, hence requiring 
only one bit, namely the sign bit b\, given in ([8]). We assume a linear function g(g^) = to encode 
the overshoot in each sample. The slope parameter r of the linear function is known to sensors and 
the FC. The output of the encoding function is the transmission delay = — t\, that is the delay 
between the transmission time s k n and the sampling time t k . Assuming a global clock, i.e., t S N is the 
same for all sensors and the FC, the FC upon receiving 6^ at time can compute provided that 
£ [0, 1), Vfc,n. Then, the overshoot can be recovered by using the inverse encoding function <7 -1 (£^), 
i.e., q k = r£%, as shown in Fig. [3] 

To this end, we made the following assumptions. 

(Al) There exists a global clock t, running in the wireless sensor network, hence the FC knows the 
potential sampling times a priori. 

(A2) Each transmission delay is bounded by unit time, i.e., 6 [0, 1), V/s, n. We can easily justify 
this assumption by selecting the slope parameter r as r > q^, V/s, n. In other words, this assumption 
is equivalent to assuming a bound for overshoots and setting r > 9 = max^„ q k . 
(A3) We have ideal channels with no delay or deterministic delays between sensors and the FC. 
That is, each pair (s^,6^) of transmission time and transmitted bit is available to the FC. 
Having (Al), (A2) and (A3) each sampling time can be uniquely determined at the FC with the 
reception of each 6^ (a posteriori). If (Al) is violated, i.e., the network lacks a global clock, then a 
synchronization bit (in addition to b%) can be used to report each sampling time £*, resulting in a 2- 
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bit scheme. Note that (A2) defines a lower bound for r. The slope of the inverse encoding (decoding) 
function g~ l must be larger than the maximal overshoot value 9, as shown in Fig. [3] We do not have 
an upper bound for r, and in fact by choosing r arbitrarily large we can have each transmission delay 
arbitrarily small. If channel delays are random, i.e., (A3) is violated, then the transmission delay £„, 
and thus the overshoot in general, are not exactly recovered at the FC. However, if the FC estimates 
this random channel delay well enough, then the scheme still achieves a good performance, as will be 
analyzed in Section UV-Bi 

IV. Performance Analysis 

In this section, we will analyze the asymptotic average detection delay performance of the scheme 
proposed in the previous section, and also the effect of random channel delay on the proposed scheme. 

A. Asymptotic Analysis on Average Detection Delay 

We use the following definition for asymptotic optimality. 

Definition. A sequential scheme (7, 5-f), with stopping time T and decision function 6a-, satisfying 
the two error probability constraints Pq{5a- = 1) < a and Pi(Sf- = 0) < /3 is said to be order-1 
asymptotically optimal if 

F-[T| 

-li-J. = 1 + o(l) asa,P^0, (15) 
tj[/ J 

where T is the stopping time of the optimal SPRT that satisfies the error probability constraints with 
equality and o(l) denotes a vanishing term as a, ft — > 0. It is order-2 asymptotically optimal if 

^[71-^71 = 0(1), (16) 

where 0(1) denotes a constant term, and order-3 asymptotically optimal if 

Ei[f] - Ei[7] = o{l). (17) 

Note that as the order increases we have a stronger type of asymptotic optimality, i.e., order-3 => 
order-2 order-1, where => means "implies". Order-1 asymptotic optimality is the most commonly 
used type in the literature, but also the weakest type. The average detection delay of an order-1 scheme 
can diverge from that of the optimal scheme. On the other hand, for order-2 and order-3 schemes the 
average detection delay remains parallel and converges to that of the optimal scheme, respectively. Order-3 
asymptotic optimality is extremely rare in the Sequential Analysis literature, and corresponds to schemes 
that are considered as optimum per se for all practical purposes. 
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In the following theorem, we show order-2 asymptotic optimality for the proposed scheme. 

Theorem 1. The decentralized detection scheme proposed in Section \III-B\ is order-2 asymptotically 
optimal in terms of average detection delay, i.e., 

E i [f]-E i [T] = 0(l), i = 0,l, (18) 

where the stopping times T and T are given in ^ and (TT3T ), respectively. 



Proof: It was shown in IfTOl Theorem 2] that the asymptotic expressions for average detection delays 
E»[T],i = 0, 1 of a decentralized detection scheme based on level-triggered sampling, e.g., the one we 
presented in Section Jill are in general written as 

Ei[fl= i^ + G(1) and Eo[t] = ^l + O(1)) (19) 

as a, (3 -)■ 0, where ^(1) = Y%=i = °' 1 are h yP othetica l Kullback-Leibler (KL) in- 

formation numbers defined to serve analytical purposes, J*(l) = |Ej[^]|, lf(t\) = |Ej[A^]|, if(ii) = 
|Ej[A^]|, i = 0, 1 are the KL information numbers of the LLR sequences {l^ } t , {A^}„, {A^}„, respectively. 
Here, at sensor k and under Hj, Ei[l\] is the average LLR of a single observation [cf. ©], Ej[A^] is 
the average LLR accumulated in a local SPRT (i.e., during a sampling interval) [cf. ©], and Ej[A^] is 
the average LLR transmitted in a bit b\. Hence, the hypothetical KL information number is, in 
fact, the projection of = Ylk=i wrnc h is the KL information number of the global LLR 

sequence {J2k=i }> onto tne filtration generated by the transmitted bit sequence {b^}- Since sensors do 
not transmit the LLR of each single observation (they transmit LLR messages of several observations), 
is not a real KL information number, but it is a projected or hypothetical KL information number, 
which plays a key role in the asymptotic analysis on average detection delay IfTOl . If the random overshoot 
q\ is not fully encoded in each transmitted bit b\, then this projected KL information number as 
in 121, Q, IfTOl . will not be the same as the original KL information number h{l) of the global LLR 
sequence {J2k=i } srnce the average LLR in a transmitted bit will be different from the average LLR 
accumulated in a local SPRT, i.e., Ii(t\) ^ I^ifJl). However, for our proposed scheme we will have 
if (tf) = Ii{t\) since we encode the overshoot q^ into the transmission delay as explained in Section 
IIII-CI Therefore, from (fl9l ) we write the asymptotic average detection delays of the proposed scheme as 

Ei[fl=l|^ + 0(1) and Eo [t] = ^^ + O(l), (20) 

as a, ft — > 0. 

For the optimal centralized scheme we have, from Lemma 2], Ei[7~] > ^Tj~v + o(l) and Eq[T] > 
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T^fjy + which is, together with (l2Qb . sufficient to prove order-2 asymptotic optimality, i.e, (TT8T ). 
In order to show that we cannot achieve order-3 asymptotic optimality, following ifTOl Theorem 2] we 
can write Ei[T] = + 0(1) and E [T] = 4^ + 0(1), where the 0(1) term includes the average 

excess LLR in Lq- over A or below —B. Note that the excess LLR here is produced by the global LLR 
Sfc = i $r °f me sm gl e observations at the stopping time T (cf. Section |n]). On the other hand, the average 
excess LLR included in the O(l) term in (l20l ) is a consequence of the final LLR message(s) received at 
the stopping time T from any sensor(s) (cf. Section IIII-BI ). Obviously, the average excess LLR produced 
by message(s), including LLR of several observations, is larger than that produced by single observations. 
Hence, the difference Ej [T] — Ej [7~] remains as a bounded constant. ■ 
Note that by using only a single bit we achieve order-2 asymptotic optimality in the discrete-time case, 
similar to the continuous-time case as analyzed in [5]. This is a remarkable performance improvement 
for decentralized detection schemes. It was shown in [7 | that level-triggered sampling-based scheme 
with a single bit, i.e., disregarding the overshoot problem, significantly outperforms the scheme based 
on conventional uniform-in-time sampling with a single bit. Moreover, it even outperforms the uniform 
sampling-based scheme with infinite number of bits. Now, the proposed scheme significantly outperforms 
the previously introduced level-triggered sampling-based schemes by achieving order-2 asymptotic opti- 
mality with only a single bit. As noted in the previous section, with discrete-time observations the scheme 
in ||5l achieves order- 1 asymptotic optimality using a single bit, and the scheme in |7] achieves order-2 
asymptotic optimality using multiple bits. The number of bits required in Q for order-2 asymptotic 
optimality increases with a reasonably slow rate [i.e., log | log7| where 7 = 0(a), 7 = 0(/3)] to infinity. 
For practical purposes it suffices for this scheme to use at most 5 bits to attain an order-2-like performance. 
In this paper, the proposed scheme, eliminating the foremost overshoot problem, with a single bit attains 
order-2 asymptotic optimality in theory (not only for practical purposes!). The asymptotic optimality 
results in the above references and also this paper assume ideal channels between sensors and the FC, 
i.e., transmitted bits are available to the FC with either no delay or deterministic delays. We next analyze 
how the performance of the proposed scheme is affected by random channel delays. 

B. Random Delay in Bit Arrival Times 

Consider a random channel delay in the arrival time of each transmitted bit b\. In other words each 
transmitted from sensor k at time s^, is received by the FC at time + where z/„ is random and 
> 0. Hence, the transmission delay together with the random channel delay, + 1/*, gives us the 
reception delay. We assume that the channel delay is bounded by a constant <fi, i.e., < v * < </>, Vfe, n. 
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To counteract this nonnegative channel delay we estimate it with u%. Subtracting v\ from each reception 
delay we obtain an estimate = ^ + v\ — for each transmission delay Note that the estimation 
error — is bounded by a constant <p, i.e., 

\&-&\ = \v k n-v k n\<k Vfc,n. (21) 

Even with a simple-minded estimator that uses E[z^] as its constant estimate for each v\, we have <p < <j). 
Using a better estimator we can have a bound <p <C 4>. 

Finally, using each in the decoding function g^ 1 we compute an estimate g* for each overshoot g*, 
i.e., = = r^. The overshoot estimation error \q k — q^\ is then given by 

\q k n-Q k n\ <4, Vk,n. (22) 

From (l22l . we see that the overshoot estimation error depends on the accuracy of the delay estimation and 
also the choice of the slope of the decoding function. Note that larger the slope r is, larger the overshoot 
estimation error will be. Recall the advantage of having large r stated in Section Illl-Ci Through the 
encoding function g, large r enables us to have small transmission delay This helps the FC, under 
ideal channels, to know each sampled local LLR value L\ k [cf. (fTTI ll shortly after the corresponding 
sampling time t k n , at time s\ = t% + Moreover, under ideal channels the FC can practically know 
each LLR sample at time by setting r arbitrarily large. However, under non-ideal channels with random 
delay there is an important disadvantage of having large r, as can be seen in (l22l . We need to select r as 
small as possible to obtain better estimates of the overshoot q k . Although there seems to be a trade-off in 
selecting r under non-ideal channels, the disadvantage of large r by far outweighs its advantage. This is 
because errors in overshoot estimation accumulate in time while computing the approximate LLR L t , as 
in (ITZb . where now we have A n instead of A n . This error accumulation eventually worsens the asymptotic 
average detection delay performance, whereas transmission delays do not hurt the asymptotic performance 
since they do not accumulate, i.e., appear independently in each transmission time s 1 ^ = t\ + and 
they are bounded < l,V/c,n). Hence, in the case of random channel delays one should select r as 
small as possible. 

Under ideal channels, we have r > 6 due to (A2), as shown in Fig. [3] The assumption (A2) reads 
Sn G [tn, tn + 1), V7c, 7i. This is to ensure that the FC correctly determines the sampling time t k and 
computes the transmission delay Here with non-ideal channels, it should read s k € [t^, t\ + 1), n, 
where = + — i>\ is the estimate of the transmission time s^. From (1211 we know that G 
[s 1 ^ — 4>,Sn + 4>], implying G [i^ + (f>, + 1 — <f>) and thus G 1 — Note that in this case we 
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have the linear encoding function g(q%) = 4> + ^f. Accordingly, ^ G [0, 1 — 2<ft) and thus r > p^r - 
Recalling that max^„ qn = under non-ideal channels we have r > 7-^- Then, selecting the smallest 
possible r we have 

1 — 2<p 

which follows from (|22t . Note from (|23l l that if we have a small <^>, i.e., a good delay estimator, then the 
overshoot can be well estimated, which corresponds to a multi-bit overshoot quantization scheme as in 
0. For instance, with <p = 0.02 the proposed scheme using a single bit achieves the same performance 
as the scheme in [7] with 5 bits, which in practice achieves order-2 asymptotic optimality. 

V. Simulations 

VI. Conclusion 
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